Some rotor-grade gas turbine engine materials may contain multiple types of anomalies such as voids and inclusions that can be introduced during the manufacturing process. The number and size of anomalies can be very different for the various anomaly types, each of which may lead to premature fracture. The probability of failure of a component with multiple anomaly types can be predicted using established system reliability methods provided that the failure probabilities associated with individual anomaly types are known. Unfortunately, these failure probabilities are often difficult to obtain in practice. In this paper, an approach is presented that provides treatment for engine materials with multiple anomalies of multiple types. It is based on previous work that has extended to address the overlap among anomaly type failure modes using the method of Kaplan-Meier, and is illustrated for risk prediction of a nickel-based superalloy. The results can be used to predict the risk of general materials with multiple types of anomalies.
INTRODUCTION
The use of probabilistic methods for risk assessment is now an established practice in the international gas turbine engine industry. For commercial aircraft engines, regulatory agencies recommend probabilistic approaches as part of the certification process, as summarized in several recent U.S. Federal Aviation Administration (FAA) Advisory Circulars [1] [2] [3] . Those approaches were developed for engine applications with a single controlling anomaly type, such as hard alpha inclusions in titanium, or surface machining damage associated with circular holes. However, some materials have more than one type of anomaly associated with the material or manufacturing process. The probability densities and sizes of the different anomaly types may differ greatly, but each type may lead to fracture. The probability of failure of a component with multiple anomaly types can be predicted using established system reliability methods [4] [5] [6] [7] [8] provided that the failure probabilities associated with individual anomaly types are known. For example, consider the fatigue life probability density functions (PDFs) associated with the three anomaly types shown conceptually in Fig. 1 . If test data are available for components containing a single anomaly of a single type, they can be used to construct fatigue life PDFs. These PDFs can be transformed to predict PDFs of components containing more than one anomaly of a single type by considering each of the anomalies as a single member of a series system of anomalies. If a material contains more than one type of anomaly, it is usually impractical (if not impossible) to prepare test specimens with a single type of naturally occurring anomaly. When the test specimens contain multiple types of anomalies, it may be difficult to accurately estimate the failure probabilities associated with the individual anomaly types, even when component failures can be traced to individual anomaly types. This is due to the potential overlap among failure of different anomaly types that is not captured by system-level testing, the so-called problem of competing risks. If the failures of different anomaly types are independent and sufficient failure data are available, the marginal CDFs associated with them can be estimated using nonparametric statistical models such as Kaplan-Meier [9] , Nelson [10] , and Aalan [11] , among others. The Kaplan-Meier approach is most commonly used. It is based on the widely accepted theorem of conditional probability [12] , and is even included in some statistical software. When derived in maximum likelihood estimator format, it can be expressed as an asymptotic normal distribution with quantifiable confidence bounds [5] . It is restricted to systems with independent failure modes, an assumption that may be difficult to test in practice [13] . However, this may become less of an issue as new methods emerge for assessing the dependence among failure modes (e.g., [14] ). Some researchers have noted that in some cases it may lead to overly conservative risk estimates when the survivability estimates are converted to CDF predictions [15] .
It is well known that correlation among failure modes can have a substantial influence on system reliability predictions [4, 6, 7] .
Researchers have reported that failure mode correlation also can have a substantial influence on survival function estimates for the problem of competing risks [16, 17] . To quantify the extent of this influence, several models have been developed that establish the upper and lower bounds associated with the range of correlation among the failure modes [16, [18] [19] [20] . In addition, many new models are emerging for the prediction of the marginal failure densities that are not restricted to independent failure modes [21] [22] [23] [24] . Specialized models have also been developed to provide treatment of competing risks for sequential failures [25] and parallel systems [26] as well.
Once the failure probabilities associated with the individual anomaly types are known, they can be used to calibrate probabilistic models for each anomaly type. The resulting calibrated probabilistic models can then be used to predict the behavior of components with different numbers and types of anomalies.
A SYSTEM MODEL FOR MULTIPLE ANOMALIES
Gas turbine engine materials may contain anomalies that can lead to fracture if undetected during routine manufacturing and shop visit inspections. The fracture event is dependent on (1) the presence of an anomaly, and (2) the formation and growth of a crack that exceeds the fracture toughness of the material before the design life has been reached. The occurrence probability of an anomaly P(d j ) can be measured by counting the number of anomalies of various sizes on the surface or within the volume of a component. P(d j ) is typically modeled as a Poisson point process [27] [28] :
The likelihood of fracture failure can be estimated using fatigue crack growth data. Since this value is dependent on the presence of an anomaly of a specified initial size, it is commonly expressed as a conditional probability ( ) P F d , the probability of fracture given that an anomaly is present.
( ) P F d is dependent on a number of random variables related to the applied stress values and the fatigue nucleation and growth processes [29] .
The occurrence of an anomaly in a component is a relatively rare event for some materials, such as hard alpha in titanium [30] [31] . For these materials, the probability of more than one anomaly is assumed to be negligible [29] . The probability of fracture at a specified location p i is therefore based on the occurrence of a single rare anomaly ( ) 1 P d and the probability of fracture at location i given that a single anomaly is present ( )
On the other hand, components made from some rotorgrade alloy materials may contain hundreds or even thousands of anomalies. For these multiple anomaly materials, the conditional probability ( ) 
is set to the maximum probability of fracture associated with any one of the j anomalies present. The resulting system model is expressed as [8] :
The influence of the number of anomalies j on ( ) Fig. 2 . The anomaly occurrence probability is also influenced by the number of anomalies in a ( ) Fig. (3) . The members in Fig. (3) represent the discrete number of anomalies that could be present in a given component which are events that have a mutually exclusive relationship (i.e., it is not possible for a selected component to have only 2 anomalies and only 3 anomalies simultaneously). i p is equal to the sum of the failure probabilities associated with each discrete number of anomalies [5] . To obtain i p , Eqns. (1) and (3) are substituted into Eqn. (2) for each member and summed over the total number of members:
Eqn. (4) requires specification of the number of anomalies n. It is shown in [8] that Eqn. (4) reduces to:
Note that Eqn. (5) is based on the average number of anomalies present at location i
The probability of fracture is also dependent on the location of an anomaly within a component. The component is often discretized into a number of subregions called zones, and the probability of fracture is assessed for anomalies located within each zone [31] . Since component failure occurs when there is a failure within any zone, the component is modeled as a series system of zones with a probability of fracture that can be expressed as:
( )
If multiple anomalies are present in each zone, p i can be estimated for each zone using Eqn. (5) . Substitution of Eqn. (5) into Eqn. (6) yields the following expression for multiple anomalies at multiple locations [8] :
Multiple anomaly types may also be present in one or more regions of a component. The multiple anomaly types can be modeled as additional members of the series system of zones. This is illustrated conceptually in Fig. 4 , where it is shown that components with multiple anomaly types and locations can be modeled using several nested series systems to represent the relationship among the various failure events.
ESTIMATING MARGINAL PROBABILITY DENSITIES FROM COMPONENT FAILURE DATA
The conditional probability of failure ( )
with a single anomaly can be estimated from test specimens containing single anomalies.
The probability of failure associated with multiple anomalies p i can then be obtained by inserting ( )
However, if the test specimens contain multiple anomalies, the results are provided in terms of p i . Reliability predictions based on these test results are only valid for components with exactly the same number of anomalies associated with the test specimens. To estimate risk for different numbers of anomalies, the test results can be converted to conditional probability format by solving Eqn. (5) for ( ) 
The conditional probability density associated with ( ) 1 i P F d is referred to herein as a "parent distribution" because it represents life values without the influence of multiple anomalies. The mean life value associated with the parent distribution may be significantly greater than the mean of the measured life values of specimens containing multiple anomalies, particularly when the number of anomalies is large.
For components with more than one type of anomaly, the above procedure can be performed separately for test specimens each containing a single anomaly type. If test data are available only for specimens containing multiple anomalies of multiple types, then the test results are an expression of p F (Eqn. (7)) rather than p i (Eqn. (5)). In this situation, each component test represents the entire system of multiple anomaly types/locations as well as the multiple anomalies subsystems associated with each. If the failure of components with multiple anomalies can be traced to specific anomaly types, then the p i values can be estimated using the KaplanMeier [9] method. The approach is illustrated in the following example.
Consider the fictitious component indicated in Table 1with two types of anomalies (types A and B) that can form growing cracks which can lead to fracture failure of the component. The component has a volume of 1 mm 3 and contains an average of 10 and 100 anomalies of type A and B, respectively. For each anomaly type, the total fatigue life given the presence of a single anomaly of a single type (parent life) is modeled as a lognormal random variable with the main descriptors (median and coefficient of variation (COV)) indicated in Table 1 .
The analytical probability of failure cumulative distribution functions (CDFs) associated with the life distributions of the parent total life and multiple anomalies of a single type are shown in Fig. 5 . Also shown is the probability of failure of the example component containing multiple anomalies of type A and B, computed analytically using Eqn. 7. This figure illustrates the risk prediction approach of components with multiple anomaly types when the parent lives are known.
The probability of failure of the example component containing multiple anomaly types can also be obtained using numerical simulation. 1000 simulated specimens containing multiple anomalies of each anomaly type were obtained using Monte Carlo simulation, indicated in Table 2 . The failure time of each component (the minimum life associated with anomaly types A and B) was recorded along with the anomaly type responsible for the failure.
The CDF for the simulated component can be obtained by arranging the component failure times in ascending order and assigning cumulative failure probabilities F(t) to each time value. For uncensored failure data, F(t) is typically estimated as a/(b+1) [12] or (a-0.5)/b [32] , where i is the rank order of the specimens and k is the total number of specimens. Using 1  607  648  607  607  -607  2  492  501  492  492  -492  3  633  566  566  -566  566  4  488  720  488  488  -488  5  483  642  483  483  -483  7  803  664  664  -664  664  8  488  508  488  488  -488  -------998  567  534  534  -534  534  999  619  663  619  619  -619  1000  818  602  602  -602  602 this approach (with F(t) = a/(b+1)), CDF values were obtained as indicated in Table 3 and shown in Fig. 6 . Also shown in Fig.  6 is the CDF obtained analytically using Eqn. (7), which is in close agreement with the simulated values, as expected. But suppose instead that the 1000 samples were obtained from component fatigue tests. In this situation, the CDFs for the individual anomaly types and their associated parent distributions would be unknown, and would have to be estimated from the failed specimen data. Assuming that the failure of each specimen could be traced to a specific anomaly type, the data could then be used to estimate the CDF associated with each anomaly type. However, since the data were not obtained from specimens of a single anomaly type, special care must be taken when fitting the data to CDFs. A common approach for estimating the CDF of a single anomaly type from test data containing multiple anomaly types is to consider only the failure times that can be traced to the individual anomaly type and constructing a CDF using the previously described procedure for uncensored data. The CDFs obtained using this approach are shown in Fig. 7 for anomaly types A and B. The analytical CDF values for anomaly types A and B are also shown in Fig. 7 for comparison purposes. The CDF curves based on a fit of only the failure times that can be traced to the individual anomaly types are significantly different from the analytical values. Furthermore, when these CDF curves are used to predict the CDF of the component (using Eqn. (6)), the results are not in agreement with either the analytical or simulated results of the component (from Fig. 6 ).
The reason for this difference is that some of the life values are censored by the testing process. A given component fails when the minimum lifetime associated with any anomaly is reached, and the lifetimes associated with all other anomaly types in the component are not recorded (they are censored). The CDFs cannot be obtained using this approach because many of the data are missing.
Fortunately, statistical methods are well-established for treatment of competing risks [9] [10] [11] [21] [22] [23] [24] that can be applied to this problem. If the failure times associated with the different anomaly types are treated as independent random variables, then the Kaplan-Meier method [9] can be used to estimate the CDFs associated with each anomaly type. In this method, the lifetime is discretized into k intervals, and the probability of survival within an interval P k for an anomaly type is based on the ratio of the number of components that survive over the interval to the number of components that were available at the beginning of the interval:
A conditional probability argument is made to establish the relationship among the survival probabilities associated with all of the nonoverlapping intervals. After the first time interval, some of the components may fail. During the second time interval, only the components that have not failed during the first interval are tested. In other words, to survive the second time interval, it is implied that the component has also survived the first time interval: ( ) ( ) ( ) ( ) 
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Combining Eqns. (9) and (10), and recognizing that P 2 is the conditional probability that a component survives interval 2
given that it has also survived interval 1 ( ( ) Table 5 . Failure CDF for anomaly type B using KaplanMeier approach combined with Meeker-Escobar data fit. It follows that the probability of survival over m number of time intervals is given by:
and the associated probability of failure is
One potential drawback of the Kaplan-Meier method is that the probability of failure values are expressed in a step function format, similar to the integrated form of a histogram. The resulting curve contains discontinuities at each of the failure times and therefore does not satisfy the requirements of a true CDF. To estimate the continuous CDF, Meeker and Escobar [32] recommend setting the CDF values at each step equal to the average of the two values associated with each step change:
The application of the Kaplan-Meier approach is illustrated in Tables 4 and 5 for the simulated failure data associated with anomaly types A and B, respectively. Similar to the approach previously presented for uncensored data, the component failure times were arranged in ascending order, and the time intervals were selected so that only a single failure occurred during a given interval. However, for a given anomaly type, CDF values were assigned to all of the component failure times for both anomaly types. In Table 4 , the first failure associated with anomaly A did not occur until interval 24. The CDF value obtained using the Kaplan-Meier method (indicated as "K-M" in Table 4 ) experienced a step change at interval 24, and remained unchanged until the next failure of anomaly A at interval 31, and so on. In Table 5 , the first failure associated with anomaly B occurred at the first interval, and the K-M CDF experienced a step change over every interval until the first failure associated with anomaly A. The continuous CDF estimate obtained using Eqn. (14) is also indicated in Tables 4  and 5 as the "M-E" CDF.
The CDFs estimated using the Kaplan-Meier approach combined with the Meeker-Escobar adjustment are shown in have been estimated using the Kaplan-Meier/Meeker-Escobar approach, they can be transformed to the associated parent distributions using Eqn. (8) . The resulting CDF values are shown in Fig 9. The analytical parent distributions are also shown in Fig. 9 , where it can be observed that they are both in close agreement with the values estimated from the transformed failure data. This illustrates how the approach is used to obtain the parent distributions which are ultimately used for risk prediction of components with different numbers of anomalies of multiple types.
APPLICATION TO GAS TURBINE ENGINE MATERIALS
The approach described in Section 3 was applied to reliability prediction of a nickel-based superalloy based on data provided by the Air Force Research Laboratory (AFRL, also reported in [33] ). The material contained non-metallic particles (NMPs) and pores with anomaly occurrence rates indicated in Table 6 . AFRL had previously performed fatigue tests on cylindrical smooth specimens (diameter = 5 mm and gage length = 15 mm) at four stress levels (1200 MPa, 1150 MPa, 1100 MPa, and 1000 MPa). All tests were conducted at a stress ratio of R = 0.05 and a temperature of 650C. The test results at 1100 MPa revealed failures that could be traced to several anomaly types/locations and were selected for use in the reliability studies. As indicated in Table 7 , NMP failures were identified at both the surface and subsurface of the specimens at this stress level, whereas pore failures occurred only on the surface.
The volume of material associated with the surface anomalies was based on a thin annulus (often referred to as an "onion skin") at which the number of anomalies associated with the volumetric occurrence rate (Table 6 ) matched the number of anomalies associated with the surface occurrence rate. The subsurface volume was based on the remaining volume (i.e., the total volume minus the surface volume). The average number of anomalies for each anomaly type and location was computed as the product of the volume and the volumetric occurrence rate, indicated in Table 6 . Since many of the anomalies were too small to initiate growing cracks, an Table 10 . Failure CDF for surface pores using KaplanMeier/Meeker-Escobar approach. effective number of anomalies that could lead to failure was estimated based on a minimum threshold equivalent anomaly diameter (40 μm for NMPs, and 21 μm for pores).
The CDFs for each of the three anomaly type/location combinations associated with the material were estimated using the combined Kaplan-Meier/Meeker-Escobar approach described in section 3. The results for surface NMPs are indicated in Table 8 , where the failures all occurred at relatively short life values compared to the other anomaly types/locations. The results for subsurface NMPs and surface pores are indicated in Tables 9 and 10 , respectively. The marginal CDFs indicated in Tables 8-10 are shown in Fig. 10 . Also shown in Fig. 10 is the CDF for all anomalies (indicated in Table 7) which was obtained using the approach for uncensored data described previously in Section 3.
The parent distributions were obtained by applying the effective number of anomalies and the 1  5  3  250  306  2  10  7  1008  613  5  25  17  6326  1532  10  50  35  25338  3065 each life value. The transformed CDFs are shown in Fig. 11 , where it can be observed that the surface NMPs have a significant influence on component reliability when single anomalies are considered. The parent CDFs shown in Fig. 11 can be used to make reliability predictions for components with different numbers of anomalies. Compared to realistic engine components such as rotors or disks, the smooth specimens have a relatively small volume to surface area ratio. To study this effect, reliability predictions were made for a range of volume to surface area ratio values indicated in Table 11 (the volume to area ratio of the test specimens was assigned a value of 1.0). The results are shown in Fig.12 , where it can be observed that component failure probabilities at early lives were dominated by surface NMPs for all of the volume to surface area ratios considered. The surface pores and subsurface NMPs had the most influence near the middle and end of life, where the component CDF values were already very large.
As indicated in Table 11 , the number of subsurface NMPs becomes very large as the volume to area ratio is increased. For a volume/area value of 10, there are substantially more subsurface NMP anomalies compared to the other types present. This suggests that these anomaly types should play more of a role in component failures as the volume to area ratio is increased. This is confirmed in Fig. 12(b) where it can be observed that the slope of the CDF associated with subsurface NMPs becomes considerably steeper as the volume to area ratio increases from 1 to 10.
With such a large number of subsurface NMPs available at relatively high volume to area ratios, one might intuitively expect subsurface NMPs to also play a role in component failures at relatively low life values. However, Fig 12(a) shows that the surface NMPs are much more likely to fail at the low life values because the slope of the CDF of surface NMPs increases significantly with an increase in the volume to surface area ratio. The probabilistic model predicts that subsurface NMPs and surface pores will fail only after the surface pores have been exhausted. So although the subsurface NMPs are more plentiful than the other anomaly types, there are still enough surface NMPs available to substantially influence the early stages of component life.
For this material, the dominant failure mechanism was not significantly influenced by changes in the volume to area ratio, which suggests that the smooth specimen test results could be directly used to predict the failure mechanisms of full scale engine components. Further research is required to investigate the extent of this relationship.
CONCLUDING REMARKS
In this paper, a methodology was presented for risk prediction of engine materials with multiple anomalies of multiple types. It included a method for predicting the marginal CDFs of individual anomaly types based on the Kaplan-Meier approach. It was illustrated for risk prediction of a nickel-based superalloy where it was shown that the dominant failure mode predicted for full scale engine components was very similar to the one identified from smooth specimen tests. The results can be used for risk assessment of general materials with multiple types of anomalies.
NOMENCLATURE F(t)
= cumulative probability of failure over time t f k = number of specimens that fail over k time intervals I 1 ,I 2 = time interval 1, 2 N = total life n k = number of specimens that survive over k time intervals P k = probability of survival within k time intervals p i = probability of fracture at a specified location i p F = unconditional probability of fracture of system 
